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1. INTRODUCTION 
The basic dynamical equations of fluid mechanics are represented by the Navier-Stokes equations. 
These equations are nonlinear partial differential equations which govern the flow field of air 
around aircraft, in ramjet, blood circulation in the cardiovascular system in the human body, 
and in many other disciplines. 
Since the Navier-Stokes equations are nonlinear in character, it is not possible to solve these 
equations analytically. In order to solve these equations we need some simplifications, such as 
linearization or assumptions of 'weak' nonlinearity, small fluctuations, etc. Otherwise, we use 
many traditional numerical techniques which result in massive computations. 
Our objective is to find out continuous analytic solutions without massive outprints and restric- 
tive assumptions which change the physical problem into a mathematically tractable problem. 
The solution of the reduced problem can be obtained analytically, but this solution is not con- 
sistent with the solution of the original problem. Recently, a powerful method which is called 
Decomposition Methodology developed by Adomian [1-3] can provide analytic approximations to
a wide class of nonlinear ordinary differential equations, systems of differential equations, partial 
differential equations, and systems of partial differential equations, and this method demands to 
be parallel to any modern supercomputer. 
Adomian [3] has applied the decomposition method to the Navier-Stokes equations in the 
Cartesian coordinate system. The present analysis gives the application of the decomposition 
method to the Navier-Stokes equations in cylindrical coordinates by means of which the steady 
two-dimensional irrotational fluid flow problems in tubes of nonuniform circular cross-sections 
can be studied. 
2. ANALYS IS  
Consider steady, two-dimensional motion of a viscous fluid in a tube. The equations of motion 
which govern the flow field in the tube are the Navier-Stokes equations in cylindrical coordinates~ 
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and they are given by 
____  (02u  10u c92u'~ Ou Ou 1 Op + u +-  + (1) 
~-5-;z + v~ = p Oz \ Or~ r ~ "5-jz2 / ' 
OV+v~_rr = lop  (02v  10v  02v v 2 )  
U-~z p Or + v \0 r2  + - + - -  (2) 
- -  - -  r ~r Oz 2 -r2 ' 
assuming that the rotational fluid motion is neglected. The continuity equation is 
1 c9 (rv) + Ou 
;. Or ~=0.  (3) 
Here (u, v) are the components of fluid velocity in the axial coordinate x and radial coordinate r, 
respectively, p is the fluid pressure, p is the fluid density and u is the kinematic viscosity of fluid. 
If we introduce the stream function ¢ defined by 
1 0¢ 1 0¢ 
u - v = - - -  (4 )  
r Or' r Oz' 
the continuity equation is identically satisfied. If we eliminate p between (1) and (2), and then 
use the relations (4), we have the dynamical equation of motion in terms of ¢ as 
1 0(L¢ ,¢ )  2 0¢L9  = vL2~#, (5) 
7 o(r, z----7-  r-~ - f fz  
o02 o02 
where L = ~r  - ( l / r ) .  ~r + ~)-~" 
0 2 o0~ CASE 1. Let L1 -- ~ - ( l / r )  o .  Then the operator L becomes L = L1 + ~ and equation (5) 
takes the form 
02 
L~¢ = u - lg¢  04¢0z 4 2 ~Z2 (L1¢), (6) 
where N¢ is the nonlinear term denoted by 
N¢ =- 1 .0 (L¢ ,  ) _ 2.0___¢__¢. L¢. (7) 
r 0(r, z) r 2 Oz 
Operating with the appropriate inverse L~ -2 on (6), we have [1,2] 
02 (04~ 
~p(z, r) = ~Po(Z, r) + u - I L~2(N¢)  - 2L~-20-~z2 (LI¢) - L~ -2 \ Oz 4 ] , (s) 
where ~P0 is the solution of the homogeneous equation L2g)0 -- 0 subject to certain boundary 
conditions. 
In order to determine the inverse operator of L1, we consider the equation [3] 
L1¢ = 0. (9) 
o0 2 If we define L~r --- ~ and L~ = ~-;,o0 then the operator L1 becomes L1 = Lr~ - (1/r)Lr and 
equation (9) takes the form 
1 
Lrr~# - - " L~ = 0. (10) 
r 
Solving for the linear terms LrrW and LrF, we have 
Lrr¢  = _1. L~¢, (11) 
r 
L~ = rL~r¢. (12) 
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Operating with Lr~ on (11) and L~ -1 on (12), we can write 
¢ = ¢1 + L~-~ (1  • L~¢) , (13) 
¢ = ¢2 + L~I(rL~¢), (14) 
where ¢1 and ¢2 are the solutions of the homogeneous equations Lr r¢  = 0 and L~¢ = 0. The 
inverse operators L~ -1 and L~ -1 are defined by 
L~ # = f f [.] dr dr, 
J J  (15) /, 
L~ -1 =/[ . ]  dr. 
J 
Adding (13) and (14), and then dividing by 2, we have 
] ¢ = ¢o +-~ L-~ Lr¢ +L;I(rLr~¢) , 
where ¢0 = (1/2)(¢1 + ¢2). Then 
1/~1= ~[L~J ( l 'Lr )  ~-L~-l(rLrr)] ¢o, 
If the quantity within the bracket is denoted by S, then we can write 
1 
¢1 = ~S¢o, 
¢2 = ~S2¢0, 
1 
~n+~ = 2n+l • Sn+1¢o, 
and (1) 
¢ : ~ Cn = ~ " Sn¢O -~ -~ L-rJ Lr Q- L<l(rLrr  ¢o, 
n:O r',,:O n :O  
so that the inverse L{ -1 ---- ( L r r  - (1/r)Lr) -1 has been identified as 
n=O 
Now we can return to equation (8) and write the parametrized form of it as [2] 
[ 02 (04~'~I 
~p(z,r) = •o(z,r) +A v-tLT2(N~p) - 2LT2b--~z2 (Ltt~) - L12 \-b-~z4 ) ] . 
(16) 
(17) 
(18) 
(19) 
(20) 
(21) 
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Let ¢ and the nonlinear term N¢ be decomposed into the following forms: 
oo 
¢ = (22) 
n=0 
oo 
g¢ = E Andn' (23/ 
n-----O 
where An are special polynomials of Adomian [1,2] to be discussed later. The parameter A 
introduced here is not a perturbation parameter, and it is used for grouping the terms only. 
Then equation (21) takes the form 
EAnCn=~bo+A u- IL~ 2 Ang,~-2n7 ~ L IEAnCn -L12  ~z4EAnCn • 
n=O n=O n=O / n=O 
(24) 
Equating the terms of like power of A, we have 
02 coa¢o 
¢1 = v - l L12Ao - 2L1-2 ~ (L ie0)  - L12 COz4 , 
CO2 cO4¢1 
¢2 = v- tL t2A1 - 2Lt  2 ~ (L1¢1) - L~ 2 cOz4 , 
cO~ cO4¢n 
¢n+1 = v - IL~2An - 2L12 -ff~z2 (Lien) - L~ -2 cOz4 • 
(25) 
The polynomials A0, A1, . . . ,  An are Adomian's polynomials (see [2]). They are defined in such 
a way that each An depends only on ¢0,¢1, . . . ,¢n .  Thus A0 = Ao(¢o), A1 = A1(¢0,¢1), 
A2 --- A2(¢0, ¢1, ¢2), etc. From (6) and (23) we have 
oo 
E A'~An 1 cO(L¢, ~b) 20~b 
n=0 =r"  cO(r,z) - r '2"~z 'L¢"  (26) 
Substituting (22) into (26) and then equating like powers of A from both sides of (26), we obtain 
Ao = 1 .0 (Leo ,Go)  _ 2 .  aG0 . L¢0, 
r a(r, z) r 2 Oz 
O(L¢~, ~o) 2 0¢o.  Let  + . . . .  
A1 = " O(r, z) - r -~ " Oz cO(r, z) r 2 
cO(L¢2, ¢o) 2 0¢0 .  L¢~ + . . . .  
A2 = " cO(r, z) - r -'~ " cOz cO(r, z) r 2 
[1 cO(L¢I,¢I) 2 cO¢1.L¢1], 
+ " cO(r,z) - r  --~' cOz 
0¢1 . L¢0] 
Oz J 
0¢20z "L¢0] 
(27) 
(2s) 
(29) 
If ~0 is once obtained, then we can obtain ~Pl in terms of ¢0. Similarly, ¢2 can be obtained in 
oo terms of ~Pt, etc. So, all components of ~p are calculable and tp = ~'~n=o Cn. 
02 CASE 2. When L = Lrr - (1/r)Lr + Lzz, where Lzz = ~',x, equation (5) becomes 
L2~ = v - iNC.  (30) 
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Operating with the inverse operator L -2 on (30), we get 
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~b ---- u - I L -2 (N¢) .  (31) 
The L -2 involved in (31) can be obtained in the same way as L~ -2, and it is given by 
°° 1 [Lr J  (1Lr  Lzz )+L; l{ r (L r r  Lzz)} +L;  1 ( !L r  L~) ]n  L -2  = E 3---~ - - - (32) 
The parametrized form of equation (31) is 
~b = u - IAL -2 (N¢) .  (33) 
If we substitute (22) and (23) into (33), and then equate like powers of A on both sides of (33), 
we obtain 
~)1 ~ u-IL-2Ao, 
~2 = u - IL -2A1,  
~3 = ~-IL-2A2, 
~P~+I = u- IL-2A~, 
where Ao, A1 . . . .  , An are Adomian's pecial polynomials [2] and can be obtained from (27)-(29), 
etc. The use of the operator L in this analysis increases the speed of convergence, but the inverse 
of L and consequent integrations are more difficult [4]. 
The convergence of the series solution obtained by the decomposition method has been estab- 
lished [2,5-7] and it is also observed in [4,5] that a rapid stabilization to an acceptable accuracy 
is evident when numerical computat ion of the analytic approximation is carried out. 
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